The twist angle θ of the spatial central configuration formed by two twisted regular N -polygons, must be 0 or π/N , and for the twist angle θ = π/N , if the ratio of the masses of the two regular N -polygons is b = 1, and the ratio of the sizes is a = 1, there exists a unique central configuration. In this paper, we study the necessary condition of the spatial twist central configuration with twist angle θ = π/N . To our surprise, for any integer N 3, the change of the ratio of the sizes near 1, must be not larger than the change of the ratio of the masses near 1.
Introduction and main result
The study of central configurations is a very important subject in celestial mechanics with a long and varied history [6] , and a well-known result is that finding the relative equilibrium solutions of the classical N -body problem and the planar central configurations is equivalent [5] . The numbers and shapes of central configurations for the Newtonian N -body (N 4) problem are important and difficult problems in celestial mechanics [9] . In [10] , Smale took it as one of the most important 18 mathematical problems (the sixth one) for the 21st century. Though there are a lot of elegant works on central configurations [1, 2, 3, 4, 8, 12, 16, 19, 20] , it is a few works to find concrete central configurations since it is a difficult problem. Firstly, we give some preliminaries on spatial central configuration.
Given 2N mass points m k (k = 1, . . . , 2N ) with position q k ∈ R 3 . Denote r kj = |q k − q j | as the Euclidean distance between the mass particles m k and m j and let q = (q 1 , . . . , q 2N ) ∈ R 6N , the center of mass of the system is c
is the total mass. In the inertial system, the motion equations of 2N bodies can be described by Newton's three laws on classical mechanics and Newton's universal gravitation law:
Moreover, the moment of inertia of q is given by
For the above Newtonian 2N -body problem with configuration q ∈ R 6N , we now give the following definition. 
the Newtonian potential V is given by
In this paper, we study the two twisted regular N -polygonal central configurations, and we use the following notation: suppose two parallel regular polygons, one regular N -polygon and the other regular N -polygon with distance h > 0 are placed in R 3 . Assume that the particles q 1 , . . . , q N with the same mass m locate at the vertexes of one regular N -polygon; the particles q N +1 , . . . , q 2N with the same mass bm locate at the vertexes of the other regular N -polygon. Let ρ k be the k-th root of the N -roots of unity, i.e. ρ k = e iθ k , where θ k = 2kπ/N (k = 1, . . . , N ); let a > 0 and ρ l = aρ k · e iθ (l = k + N ), where 0 θ 2π and θ is called the twisted angle. So the ratio of the masses is b, and the ratio of the sizes of the two polygons is a. Moreover, let the coordinates of the particles q 1 , . . . , q N and q N +1 , . . . , q 2N be q k = (ρ k , 0) (k = 1, . . . , N ), q l = (ρ l , h) (l = N + 1, . . . , 2N ), respectively.
Suppose the central configuration is formed by two twisted regular N -polygons (N 2) with distance h > 0. Moeckel and Simo obtained that: if N < 473 and the twist angle θ = 0, there is a unique pair of spatial central configurations of regular N -polygons [7, Thereom 2], and if N 473 and the twist angle θ = 0, there exists no spatial central configuration for b < µ 0 (N ) < 1 [7, Thereom 2, and Proposition 3 and Page 986, lines 1-2]. This result is generalized by Zhang and Zhu [18] to θ = π/N for the two twisted regular N -polygons (N 2) with distance h > 0. For every N 2, they proved that if b = 1, a = 1 θ = π/N , and the configuration formed by two twisted regular N −polygons with distance h > 0 is a central configuration, then there exists only one h > 0 such that q 1 , . . . , q N , q N +1 , . . . , q 2N form a spatial central configuration. Since then, Yu and Zhang [16] strengthened the above results that if the central configuration is formed by two twisted regular N -polygons with distance h > 0, then the twist angles must be θ = 0 or θ = π/N . Note that the key idea of Zhang-Zhu's proof is to show there exists a unique h > 0 such that the following equality ([18, Page 1431, equality (2.8), and Page 1438, lines 1-3])
holds. But for b = 1, a = 1 θ = π/N , from [16, Corollary 1.10 (ii)], we see that the spatial twist configuration formed by two twisted regular N -polygons (N 3), is a central configuration if and only if the parameter h satisfy the relationship (1.2). Therefore, for the case of b = 1, a = 1 θ = π/N , there exists a unique h > 0 such that the 2N bodies forms a central configuration. In this paper, we want to know if we take a perturbation on b, how a will change ?
Our main result is the following : 
Remark 1.2
For more details about the study work on θ = 0, we refer to [11, 14, 15, 17 ].
Some useful lemmas
Before proving the main result, we introduce some lemmas which will serve us well later. 
.
(2.4)
3 Proof of Theorem 1.1
By the symmetry of the configuration, in the following steps, we need only consider the ratio of masses 0 < b 1, and we divide the proof into four steps.
Step 1. Let h 0, we set
where a > 0.
We claim that f (h) > 0. In fact, denoting N i=1 ρ k = A, then we have where
and
Since N 3, I 1 = ∅. For any k 1 ∈ I 1 and any k 2 ∈ I 2 , since h > 0, then
By (3.2), we have
With the aid of (3.3), we arrive at
Hence 
(3.5)
In view of (3.4) and (3.5) , we conclude that f (h) > 0 for h > 0.
Step 2. We prove that for the spatial twist 2N -body problem, if the twist angle θ = π/N and the ratio of the masses b = 1, then the ratio of the two sizes is a = 1. We prove this fact by a contradiction argument. And by the symmetry of the configuration, we assume that 0 < a < 1. Set Since b = 1, employing (3.7), by eliminating z, one deduces that
By the second, the third equalities in (3.6), we see that z > y. By Step 1, we have y > 0. From the first equality in (3.7), and 0 < a < 1, then x − ay > x − z > 0. Moreover, by
Then it enables us to obtain that Im(x) = Im( 1 k N −1 (1 − ρ k )/(|1 − ρ k | 3 ) ) = 0. Hence
Therefore, if 0 < a < 1, then
which contradicts with (3.8). Hence a = 1.
Step 3. We claim that if 0 < b < 1, then 0 < a < 1, and if b > 1, then a > 1. By the symmetry, it suffices to show the case of 0 < b < 1. If this statement is false, by Step 2, then a 1. In view of Lemma 2.1, if a = 1, then b = 1. Hence, a > 1. Thanks to (3.7), we deduce that
By
Step 1, we have y = x − z > 0. So b 2 /a > 1. Thus b 2 > a, which contradicts with a > 1 and 0 < b < 1. Hence a > 1 is impossible, which implies that 0 < a < 1.
Step 4. We claim that if 0 < b < 1, then a > b 1/2 and if b > 1, then a < b 1/2 . By the symmetry, we only prove the case of 0 < b < 1. In this case, by Step 3, we have 0 < a < 1. Employing (3.7), by eliminating y, one computes that
Combining 0 < a < 1 and z > 0, we have
(3.10)
Since y = x − z > 0, by (3.10), if 0 < b < 1, then a > b 2 . By (3.9), one computes that
Set x = (a − b 2 a 3 )t, z = (a − b 2 )t. Since a > b 2 , then t > 0. By the first equality of (3.7), and the fact y < z, we obtain
x − z = b 2 (1 − a 3 )t = aby < abz = ab(a − b 2 )t.
which implies that b + b 2 a < a 2 + ba 3 .
Thus a > b 1/2 . Since 0 < a, b < 1, we conclude 1 − a < 1 − b.
